
Part II Tripos Bookwork Solutions

FCM

1. Green’s.
¸
C Ldx+Mdy =

˜
D

(
∂M
∂x
− ∂L

∂y

)
dxdy. Stokes’.

˜
D∇× F · dS =

¸
∂D F · dr.

2. u(x, 0) = 1
π
P
´∞
−∞

v(t,0)
t−x dt, v(x, 0) = − 1

π
P
´∞
−∞

u(t,0)
t−x dt.

De�ne f̄(z) = f(z̄), then 2u(x, y) = f(x+ iy) + f̄(x− iy).

De�ne z = x+ iy, w = x− iy then 2u( z+w
2
, z−w

2i
) = f(z) + f̄(w) = f(z) + f(w̄). Set z0 = w̄

const..

3. Γ(z) = lim
n→∞

n!nz

z(z+1)···(z+n)
.

De�ne 1
Γn(z)

= z(z+1)···(z+n)
n!nz

= ze
z(

n∑
k=1

1
k
−logn) n∏

s=1

e−
z
s (1 + z

s
). Take limit.

4. Γ(z) :=
´∞

0
tz−1e−tdt, Rez > 0.

Identities:

Γ(z)Γ(1− z) =
π

sinπz
(Euler)

22zΓ(z + 1
2
)Γ(z)

Γ(2z)
= 2

√
π (Beta)

1

Γ(z)
=

1

2πi

ˆ 0+

−∞
t−zetdt ∀z ∈ C.

B(z1, z2) :=
´ 1

0
xz1−1(1− x)z2−1dx, Rez1, Rez2 > 0.

Identities: B(z1, z2) = Γ(z1)Γ(z2)
Γ(z1+z2)

.

ζ(s) :=
∞∑
n=1

n−s, Res > 1.

Identities:

1



Part II Tripos Bookwork Solutions © Mike S. Wang

ζ(s) =
1

Γ(s)

ˆ ∞
0

ts−1

et − 1
dt, Res > 1 (Gamma)

ζ(s) =
Γ(1− s)

2πi

ˆ 0+

−∞

ts−1

e−t − 1
dt ∀s ∈ C\{1}

(s− 1)ζ(s) = − Γ(2− s)
2πi

ˆ 0+

−∞
−ts−2(1 +

t

2
+O(t2))dt

2

(2π)s
ζ(1− s) = ζ(s)Γ(s) cos

πs

2
.

5. Elliptic functions are doubly periodic meromorphic functions.

Properties: 1) integral around a fundamental cell is zero; 2) no single simple poles; 3) if no
poles then no poles in C and thus C̃; 4) N − P =

¸
C

f ′(z)
f(z)−cdz = 0 by periodicity.

℘′(z) is odd and doubly periodic, so ℘(z) − const. is doubly periodic where const. = 0 by
even-ness. Obtain

℘′(z)2 − 4℘(z)3 + g2℘(z) + g3 = O(z2)

but the RHS is doubly periodic and analytic so by Liouville must be constant zero as z → 0.

6. z4q(z), 2z − z2p(z) bounded at in�nity.

7. For hypergeometric equation z(1 − z)y′′ − [c− (a+ b+ 1)] y′ + aby = 0, the Papperitz
symbol is

P


0 1 ∞
0 0 a z

1− c c− a− b b

 .

Also

(
z − a
z − b

)k (
z − c
z − b

)l
P


a b c

α β γ z

α′ β′ γ′

 = P


T (a) T (b) T (c)

α + k β − k − l γ + l T (z)

α′ + k β′ − k − l γ′ + l

 .

F (a, b; c; z) =
∞∑
n=0

zn

n!
Γ(a+n)Γ(b+n)

Γ(a)Γ(b)
Γ(c)

Γ(c+n)
=
∞∑
n=0

zn

n!
Γ(a+n)
Γ(a)Γ(b)

Γ(c)
Γ(c−b)B(b+ n, c− b).

Then use (1− tz)−a =
∞∑
n=0

(zt)n

n!
Γ(a+n)

Γ(a)
, Reb, Re(c− b) > 0, |z| < 1.

CD

1. Given that the end points are �xed, the path taken by the system in con�guration space is
an extremum of the action.

2. Holonomic constraints are fα(x, t) = 0 where fα : R × C → R, α = 1, 2, . . . , 3N − n.
A one-parameter group of transformations qi(t) 7→ Qi(t, s) where Qi(t, 0) = qi(t) are a
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continuous symmetry of the Lagrangian L if ∂
∂s
L(Qi(t, s), Q̇i(t, s), t) = 0 ∀t. The associated

conserved quantity is
∑
i

∂L
∂q̇i

∂Qi
∂s

∣∣∣
s=0

.

3. x = x0 is an equilibrium point for the equation of motion ẍ = f(x) if f(x0) = 0. Perturba-
tion x = x0 + η(t) satis�es η̈ = −Fη where eigenvectors of F are normal modes.

4. T = 1
2

{ ∑
i

mi´
d3rρ(r)

}
ṙ2
i = 1

2

{ ∑
i

mi´
d3rρ(r)

}(
ωaωar

2
(i) − r(i)ar(i)b

)
= 1

2
ωaIabωb, so

Iab =

{ ∑
i

mi´
d3rρ(r)

}(
r2δab − r(i)ar(i)b

)
.

With r 7→ r− c, Iab 7→ Iab +M (c2δab − cacb).

5. Rab = ea · ẽb, ea = Rabẽb where r = raea(t) = r̃a(t)ẽa. deadt = Ṙab (R−1)bc ec.

De�ne ωab = (ṘR−1)ab. Have

dL

dt
= L̇cec + Laωbeb × ea = L̇cec + εcbaLaωbec = 0

so 0 = L̇c + εcbaLaωb.

6. ea = Rab(φ, θ, ψ)ẽb where

{ẽa}
R(ẽ3,φ)−→ {e′a}

R(e
′
1,θ)−→ {e′′a}

R(e
′′
3 ,ψ)
−→ {ea}.

Have ω = φẽ3 + θe
′
1 + ψe

′′
3 so

ω =
(
φ̇ sin θ sinψ + θ̇ cosψ

)
e1 +

(
φ̇ sin θ cosψ − θ̇ sinψ

)
e2 +

(
ψ̇ + φ̇ cos θ

)
e3.

You should be able to draw the diagram.

7. KJKT = J where J =

(
0 I

−I 0

)
and K is the Jacobian.

8. The action-angle variables are a canonical transformation (q, p) 7→ (θ, I) s.t. H(q, p) =

H̃(I), in which case by Hamilton’s equations the system can be integrated up.

I =
1

2π

˛
Γ

pdq.

9. A function I(p, q, λ) is an adiabatic invariant if |I(t)− I(0)| = O(ε)∀t : 0 < t < T
ε

where
T is the period of the parameter λ. The action variable is an example.
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C

1. Homogeneity and isotropy. vAB = vOB − vOA but velocities must be a function of relative
positions so v(rB − rA) = v(rB) − v(rA), i.e. velocity is linearly related to relative position
v = Hr.

2. ? 1010 K, {e±, γ, ν and ν̄}; 5× 109 ∼ 1010 K, {e±, γ}; > 5× 109 K, {γ}.

3. Matter-dominated. z � zeq, a ∝ t
2
3 , ρ = 1

6πGt2
, T ∝ t−

2
3 .

Radiation-dominated. z � zeq, a
1
2 , ρ = 3

32πGt2
, T ∼ 1010 K

t
1
2

.

Key. a ∝ t
2

3γ , ρ = 1
6πGγ2t2

.

4. 4He does not depend sensitively on ρbaryon but D and 3H do.

5.

ṅ+ 3
ȧ

a
n︸︷︷︸

depletion due to expansion

= −gi 〈σv〉nn̄︸ ︷︷ ︸
annihilation

+ Π(t)︸︷︷︸
production

.

At equilibrium, relax to H = 0, n = n̄, ṅ = 0 so

Π(t) = gi 〈σv〉n2
eq

and

ṅ+ 3Hn = gi 〈σv〉
(
n2

eq − n2
)
.

Change of variable gives

dY

dx
= − λ

x2

(
Y 2 − Y 2

eq

)
where λ is a const.. Now x� x?, Y � Yeq, Y? � Y∞.

6. Flatness. k = 0 solution is unstable, but the observed universe has very low curvature (or
low energy density associated with curvature, or close to critical density so ’�ne-tuning’).

Horizon. Remarkable homogeneity and isotropy in regions with no possible causal contact
due to �nite light speed.

In�ation. A �nite period of accelerated expansion.

Conditions: ä > 0 requires 3γ < 2⇔ ρ+ 3P < 0 so density falls slower than curvature term.
Accelerated expansion means regions far apart could have been in causal contact.

7. φ̈�
∣∣∣3Hφ̇∣∣∣ , V ′(φ) and 1

2
φ̇2 � V . e-fold number

N = ln
ae

ai

=

ˆ ae

ai

d ln a =

ˆ te

ti

Hdt.
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8. Linearised ∂ρ
∂t

= −ρ0∇ · v, ∂v
∂t

+ c2s
ρ0
∇ρ1 +∇Φ1 = 0, ∇2Φ1 = 4πGρ0.

AM

1. Suppose g(t) ∼ tα
∞∑
j=0

ajt
rj, |g(t)| ≤ Kebt some K, b > 0, then for α > −1,

ˆ ∞
0

e−xtg(t)dt ∼
∞∑
j=0

aj
Γ(α + rj + 1)

xα+rj+1

as x→∞.

2. f ∼ g as x→ x0 if f(x) = o(g(x)).

{φn(x)}∞n=0 is an asymptotic sequence if as x→ x0, φn+1(x) = o (φn(x)) ∀n.

f ∼
∞∑
n=0

anφn if {φn} is an asymptotic sequence as x→ x0 and f−
N∑
n=0

anφn = o(φN)∀N .

Uniqueness.

a0 = lim
x→x0

f(x)

φ0(x)

an = lim
x→x0

f(x)−
n−1∑
i=1

φi(x)

φn(x)
.

Optimal truncation. Truncate the series at n = Nx s.t. the �rst excluded term has the least
magnitude.

3. Recall ε2 d2y
dx2 = Q(x)y has Liouville-Green approximations

y ∼ A±Q(x)−
1
4 e±

1
ε

´ x√Q(x′)dx′ , Q > 0

y ∼ A± |Q(x)|−
1
4 e±

i
ε

´ x√|Q(x′)|dx′ , Q < 0
.

So for the Schrödinger equation, set Q(x) = V (x)− E, then

x < x1, y ∼ A (V (x)− E)−1/4 exp

(
−1

ε

ˆ x1

x

√
V (x′)− Edx′

)
x1 < x < x2, y ∼ 2A |V (x)− E|−1/4 sin

(
1

ε

ˆ x

x1

√
|V (x′)− E|dx′ + π

4

)
x > x2, y ∼ 2B (V (x)− E)−1/4 exp

(
−1

ε

ˆ x

x2

√
V (x′)− Edx′

)
x1 < x < x2, y ∼ B |V (x)− E|−1/4 sin

(
1

ε

ˆ x2

x

√
|V (x′)− E|dx′ + π

4

)

5
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but matching phase means

sin

(
1

ε

ˆ x2

x

√
|V (x′)− E|dx′ + π

4

)
= sin

(
−1

ε

ˆ x

x1

√
|V (x′)− E|dx′ − π

4
+4+

π

2

)
so

4 ≡ 1

ε

ˆ x2

x1

√
|V (x)− E|dx = (n+

1

2
)π.

For y′′ = −EQ(x)y on interval [0, L] where E, Q > 0 and boundary conditions are set
y(0) = y(L) = 0, have

y ∼ E−1/4Q(x)−1/4

[
a sin

(ˆ x

0

√
EQ(x′)dx′

)
+ b cos

(ˆ x

0

√
EQ(x′)dx′

)]
and by b.c. have b = 0 and

ELG =

(
nπ´ L

0

√
Q(x)dx

)2

.

IS

1. A �ow map x = gεx0 is generated by a vector �eld V if ẋ = V(x), x(0) = x0. It has
properties: g0 = ι, gtgs = gt+s and g−t = (gt)−1.

[V1, V2] = (V1 · ∂x) V2 − (V1 · ∂x) V2.

{f, g} =
∂f

∂x
· J ∂g
∂x

= vg · ∂xf.

A Hamiltonian system ẋ = J ∂H
∂x

= vH(x). Now [vf ,vg] = −v{f,g} shown by acting .∂xh and
using the Jacobi identity.

2. Scattering data S = S̄ ∪ {T (k)} where S̄ =
{
{χn, cn(t)}Nn=1, R(k)

}
.

De�ne

F (x; t) =
N∑
n=1

c2
n(t)e−χnx +

1

2π

ˆ ∞
−∞

eikxR(k)dk

and K(x, y) to be the unique solution to

F (x+ y) +K(x, y) +

ˆ ∞
x

K(x, z)F (y + z)dz = 0.

Then u(x) = −2 d
dx
K(x, x).

6
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Re�ectionless. F (x; t) =
N∑
n=1

c2
n(t)e−χnx and must have the form

K(x, y) =
N∑
n=1

Kn(x)e−χny.

Substitution yields
AK = −c

where

K = (K1(x), . . . , KN(x))T

c =
(
c2

1e
−χ1x, . . . , c2

Ne
−χNx

)
Anm = δnm + c2

n

e−(χn+χm)x

χn + χm

A′nm = −c2
ne
−(χn+χm)x.

Hence

K(x, x) =
N∑
m=1

N∑
n=1

(A−1)mnA
′
nm = tr

(
A−1A

)
= (log detA)′

and
u(x, t) = −2∂2

x log detA.

3. dL
dt

= [L,A] so λtψ = Ltψ + Lψt − λψt = (L − λ)(ψt + Aψ). Now 0 ≤ λt ‖ψ‖2 =

〈(L− λ)ψ, ψt + Aψ〉 = 0 so λt = 0 and Lψ′ = λψ′.

4. An evolution equation is Hamiltonian form if written ut = J δH for some functional
H ≡ H[u] and antisymmetric linear operator J s.t. {F,G} = 〈δF,J δG〉 de�nes a Poisson
bracket.

F [u+ εη] = F [u] + ε 〈δF, η〉+ o(ε) where

F [u] =

ˆ
f(x, u, ux, . . . , u

(n))dx

where η(k) → 0 as |x| → ∞, so

δF =
∂f

∂u
−Dx

∂f

∂ux
+D2

x

∂f

∂uxx
− · · · .

7



Part II Tripos Bookwork Solutions © Mike S. Wang

5. I[u] =
´
ι(x, u, ux, · · · )dx gives

İ[u] =

ˆ (
ut
∂ι

∂u
+ uxt

∂ι

∂ux
+ · · ·

)
dx

=

ˆ
ut

(
∂ι

∂u
−Dx

∂ι

∂ux
+ · · ·

)
dx

= 〈J δH, δI〉
= {I,H}.

6. Given4[x, u, ux, . . . , u
(n)] = 0, gε : (x, u) 7→ (x̃, ũ) is a Lie point symmetry if

4pr(n)gε[x, u, ux, . . . , u
(n)] = 0

where pr(n)gε : [x, u, ux, . . . , u
(n)] 7→ [x̃, ũ, ũx̃, . . . , ũ

(n)] is the n-th prolongation. Equiva-
lently, pr(n)V4 = 0.

V = d
dε
|ε=0g

εx . Common transformations are V = α∂xi ⇒ x̃i = xi + αε, V = βxi∂xi ⇒
x̃i = eβεxi.

For

x̃ = x+ εξ(x, u) + o(ε)

ũ = u+ εη(x, u) + o(ε)

ũ(k) = u(k) + εηk + o(ε),

V = ξ(x, u)
∂

∂x
+ η(x, u)

∂

∂u

pr(n)V = V+
n∑
k=1

ηk∂u(k)

have prolongation formula
ηk+1 = Dxηk − u(k+1)Dxξ.

To see this, use the contact condition dũk = dũk

dx
dx, so

LHS =
(
u(k+1) + εDxηk

)
dx+ o(ε)

RHS = ũ(k+1) (1 + εDxξ) dx+ o(ε)

and ũ(k+1) =
(
u(k+1) + εDxηk

)
(1− εDxξ) + o(ε) = u(k+1) + ε

(
Dxηk − u(k+1)Dxξ

)
+ o(ε).

Finally:

⇒: 0 = d
dε

∣∣
ε=0

gεx · ∂F
∂x

(gεx)
∣∣
ε=0

= V F .

⇐: Let S = {x : F (x) = 0} then V F = 0 ⇒V is tangent to surface S. Hence gε maps S to
itself, i.e. F (x) = 0 implies F (gεx) = 0.

8
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PQM

1. 〈x|p〉 = eixp/~√
2π~ , 〈p|x〉 = e−ipx/~√

2π~ , 〈x|x′〉 = δ(x− x′), 〈p|p′〉 = δ(p− p′).

Completeness. |ψ〉 =
∑
n

|χn〉〈χn|ψ) so
∑
n

|χn〉〈χn| = I etc. Hence |ψ〉 =
´
dxψ(x)|x〉 =

´
dpψ̃(p)|p〉.

Further, 〈x|p̂|x′〉 = −i~∂xδ(x− x′), 〈p|x̂|p′〉 = i~∂pδ(p− p′), and

〈p|V (x̂)|ψ〉 =

ˆ
dx

ˆ
dp′

1

2π~
e−i(p−p

′)x/~V (x)ψ̃(p′)

=

ˆ
dp′

1√
2π~

Ṽ (p− p′)ψ̃(p′)

so the Schrödinger equation becomes in momentum space

p2

2m
ψ̃(p) +

1√
2π~

ˆ
dp′Ṽ (p− p′)ψ̃(p′) = Eψ̃(p).

2. a†|n〉 =
√
n+ 1|n+ 1〉, a|n〉 =

√
n|n− 1〉, |n〉 = (a†)n√

n!
|0〉.

3. Notation. H = H0 + εV .

Non-degenerate case.

E = E(0)
n + ε〈n|V |n〉+ ε2

∑
j 6=n

|〈j|V |n〉|2

E
(0)
n − E(0)

j

+O(ε3)

|ψ〉 = N

(
|n〉+ ε

∑
j 6=n

〈j|V |n〉
E

(0)
n − E(0)

j

|j〉+O(ε2)

)

where N = 1 + O(ε) is an overall normalisation constant, and superscript (0) denotes the
unperturbed eigen-energy for |n〉 and |j〉j 6=n.

Degenerate case. E(1) is the eigenvalue of the matrix Vsr = 〈s|V |r〉 where |r〉, |s〉 are eigen-
vectors in the degenerate eigenspace Vλ. There are typically dimVλ solutions.

4. σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. Have S = ~

2
σ.

Properties: 1) σiσj = δijI+i~εijkσk; 2) σiσi = I (no s.c.); 3) (a·σ)(b·σ) = (a·b)I+i(a×b)·σ.

5. −j ≤ m ≤ j and j±m are integers, so j ∈ Z (orbital) or Z+ 1
2

(spin). Note there are 2j+ 1

steps in between. J±J∓ = J2 − J2
3 ± ~J3.

6. Note there are
j1+j2∑

j=|j1−j2|
(2j + 1) = (2j1 + 1)(2j2 + 1) states.

7. A unitary transformation U is a symmetry if [U, H] = 0⇔ U †HU = H .

9
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8. The time evolution operator is U(t) = e−iH0t/~.

Interaction picture. |ψ(t)〉 = eiH0t/~|ψ(t)〉, V (t) = eiH0t/~V (t)e−iH0t/~, H = H0 + εV (t)

Equation of motion. i~∂t|ψ(t)〉 = εV (t)|ψ(t)〉.

Integral equation. |ψ(t)〉 = |ψ(0)〉 − iε
~

´ t
0
dt′V (t′)|ψ(0)〉+O(ε2).

Transition rate. Assuming 〈f |i〉 = 0,

P (t) =
ε2

~2

∣∣∣∣ˆ t

0

dt′eit
′ Ef−Ei

~ 〈f |V |i〉
∣∣∣∣2 +O(ε3).

9. For joint space V = U ⊗W , |Ψ〉 = |ψ〉 ⊗ |φ〉, the (reduced) density operator is ρ = |Ψ〉〈Ψ|
(ρ̄ = |ψ〉〈ψ|). Have for Q = Q⊗ I,

〈Q〉Ψ = tr(Qρ)

〈Q〉 = tr(Qρ̄)

where ρ = diag(pi) when diagonalised.

FD II

1. On physical grounds, stress is symmetric and includes an isotropic pressure term and a
deviatoric term that is instantaneous and linear in∇u: σij = −pδij + σdev

ij (∇u).

Suppose σdev
ij = Aijkl

∂uk
∂xl

where rank four tensor A must be isotropic:

Aijkl = µ1δijδkl + µ2δikδjl + µ3δilδjk

then σdev
ij = 2µeij by incompressibility and symmetry.

2.

d

dt

ˆ
V

1

2
ρu2dV︸ ︷︷ ︸

rate of change of kinetic energy

+

ˆ
∂V

1

2
ρu2u · ndS︸ ︷︷ ︸

kinetic energy flux over boundary

=

ˆ
ρu · FdV︸ ︷︷ ︸

power against body forces

+

ˆ
∂V

u · σ · ndS︸ ︷︷ ︸
power against surface tractions

−
ˆ
V

(σ · ∇) · udV︸ ︷︷ ︸
dissipation

where σij∂jui = −p∇ · u + 2µeij(eij + Ωij) = 2µeijeij =: Φ by incompressibility and anti-
symmetry.

3. Instantaneity: instantaneous response to forces and boundary conditions. Linearity(:) of
the velocity and pressure �elds to forces and boundary conditions. Spatial and temporal re-
versibility.

10
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4.
´
V

2µesijeijdV =
´
V

(σsij + psδij)(
∂ui
∂xj
− Ωij)dV =

´
V
σsij∂juidV =

´
S
σsijnjuidS by incom-

pressibility, antisymmetry and Stokes’ equation.

Minimality.
´
V

2µesije
s
ijdV ≤

´
V

2µeijeijdV for a Stokes �ow us and an admissable �ow u

satisfying the same boundary condition.
´
V

2µeijeijdV =
´
V

2µesije
s
ijdV +

ˆ
V

2µ
(
eij − esij

) (
eij − esij

)
dV︸ ︷︷ ︸

≥0

+

ˆ
V

4µesij
(
eij − esij

)
︸ ︷︷ ︸
2
´
S σ

s
ijnj(ui−usi )dS=0

.

Reciprocity. Set us and u to be two Stokes �ows u(1), (2), then
´
S
σ

(1)
ij nju

(2)
i dS =

´
S
σ

(2)
ij nju

(1)
i dS.

Consider rigid body motion u(1), (2)
∣∣
S

= U(1), (2) + Ω(1), (2) × x, then

−U(1) · F(2) −Ω(1) ·G(2) = −U(1) · F(2) −Ω(1) ·G(2)

since
´
S
σ

(1)
ij nj

(
Ω(2) × x

)
i
dS = Ω(2) ·

´
S

x× σ(1) · ndS.

5. Assumptions. u = [u(y, z, t), 0, 0] by incompressibility, F = 0, p = p(x, t).

Equation. ρ∂u
∂t

= − dp
dx

+ µ
(
∂2u
∂y2 + ∂2u

∂z2

)
where by variable dependence px = const..

6. Assumptions. h� L and rRe� 1. Pressure gradient balances viscosity.

Simpli�cation.
∂u

∂x︸︷︷︸
u/L

+
∼

∂v

∂y︸︷︷︸
v/h

= 0⇒ v =
h

L
u� u

ρ


�
�
�∂u

∂t
+ (u · ∇)u︸ ︷︷ ︸

u2/L∼uv/h

 = − px︸︷︷︸
p/L

+ µ

���∂2

∂x2︸︷︷︸
1/L2

+
�

∂2

∂y2︸︷︷︸
1/h2

u

so p ∼ µuL
h2 and LHS

RHS
=
ρuh

µ︸︷︷︸
Re

h
L

.

ρ (u · ∇) v︸ ︷︷ ︸
ρuv/L∼ρv2/h

=
�
− py︸︷︷︸
µuL/h3

+
�
µ
∂2v

∂y2︸︷︷︸
µv/h2

so p = p(x).

Equations. ux + vy = 0, 0 = − dp
dx

+ µ∂
2u
∂y2 .

7. Assumptions. Adopt Euler’s limit outside the boundary layer. Pressure �eld set by external
�ow to the boundary layer. Inside the layer viscosity is balanced by inertia.
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Simpli�cation.

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
︸ ︷︷ ︸

ρu2/L

=
∼
−px + µ

 ∂2

∂x2︸︷︷︸
1/L2

+
�

∂2

∂y2︸︷︷︸
1/δ2

u

so δ =
√

νL
U

, ∆px ∼ ρU2.

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
︸ ︷︷ ︸

ρuv/L∼ρv2/δ

=
∼
− py︸︷︷︸

∆py/δ

+ µ
∂2v

∂y2︸ ︷︷ ︸
µv/δ2

so ∆py ∼ ρU2
(
δ
L

)2 � ∆px.

Equations. ux + vy = 0 and

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= ρ

(
∂U

∂t
+ U

∂U

∂x

)
+ µ

∂2u

∂y2

subject to u→ U as y/δ →∞.

8. ∇× N.S. where written (u · ∇) u = ∇1
2
u2 − u× (∇× u),

ρ

[
∂ω

∂t
−∇× (u× ω)

]
= µ∇2ω

but then
∂ω

∂t
+ (u · ∇)ω︸ ︷︷ ︸

advection

= (ω · ∇) u︸ ︷︷ ︸
amplification

+ ν∇2ω︸ ︷︷ ︸ .
diffusion

Usually di�usion away from the boundary is balanced by advection towards the boundary,
leading to vorticity con�nement.

9. Kelvin-Helmholtz: velocity shear. Taylor-Rayleigh: density di�erence.

Set-up. u1,2 = (U1,2, 0) +∇ϕ1,2.

Boundary conditions. ∂tη + (U + ∂xϕ) ∂xη = ∂ϕ
∂y

, ρ
(
∂tϕ+ 1

2
u2 + p

ρ
+ gy

)
= f(t).

Linearised kinematic boundary condition. ∂tη + U1,2∂xη = ∂ϕ1,2

∂y
at y = 0.

Linearised dynamic boundary condition. ρ1 (∂tϕ1 + U1∂xϕ1 + gη) = ρ2 (∂tϕ2 + U2∂xϕ2 + gη)

at y = 0.

SP

1. Microcanonical ensemble. NVE-ensemble.

12
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dE = d̄Q− pdV = TdS − pdV , S(E) = k log Ω(E)⇒

T =
∂E

∂S

∣∣∣∣
V

, p =
∂E

∂V

∣∣∣∣
S

= T
∂S

∂V

∣∣∣∣
E

CV =
∂E

∂T

∣∣∣∣
V

= T
∂S

∂T

∣∣∣∣
V

, Cp = T
∂S

∂T

∣∣∣∣
p

.

Canonical ensemble. NVT -ensemble.

Z =
∑
n

e−βEn , p(n) = e−βEn

Z
, ∂T = −kβ2∂β ⇒

〈E〉 = − ∂

∂β
logZ

∆E2 = − ∂

∂β
〈E〉 =

∂2

∂β2
logZ

S = −k
∑
n

p(n) log p(n) = k
∂

∂T
(T logZ)

CV =
1

kT 2

∂2

∂β2
logZ =

1

kT 2
∆E2

F := E − TS = −kT logZ.

Grand canonical ensemble. μVT -ensemble. μ is the energy cost to add a particle to a system
while holding S, V constant.

Z =
∑
n

e−β(En−µNn), p(n) = e−β(En−µNn)

Z , ∂β = −kT 2∂T ⇒

〈E〉 = µ 〈N〉 − ∂

∂β
logZ

〈N〉 =
1

β

∂

∂µ
logZ

∆N2 =
1

β

∂

∂β
〈N〉

S = −k
∑
n

p(n) log p(n) = k
∂

∂T
(T logZ)

Φ := E − TS − µN = −p(T, µ)V = −kT logZ.

In the thermodynamical limit N →∞, energy and particle number �uctuations are small and
close to the average, so three ensembles coincide.

2. Boltzmann distribution. p(n) = e−
En
kT∑

m
e−

Em
kT

. Maxwell distribution. p(v) = N v2e−
mv2

2kT . Planck

distribution. p(ω) = N ω3

e
~ω
kT −1

. Bose-Einstein distribution. 〈nr〉 = 1
eβ(Er−µ)−1

. Fermi-Dirac
distribution. 〈nr〉 = 1

eβ(Er−µ)+1
.

13
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N.B. P: Zω =
∞∑
n=0

e−βn~ω = 1
1−e−β~ω ⇒ lnZ =

´∞
0
g(ω) lnZωdω; B-E: Z =

∏
r

∑
nr

e−βnr(Er−µ)

and F-D: Z =
∏
r

∑
n=0,1

e−βn(Er−µ).

3. p = NkT
V−bN − a

N2

V 2 , a captures the e�ect of the attractive interaction at large distances. b is
the e�ective reduction in the volume of the gas due to space occupied by the particles, arising
from the repulsive potential.

4. High temperatures ζ → 0, low temperature ζ → 1. Tc is the temperature at which ζ = 1.

5. gn(z) = 1
Γ(n)

´∞
0
dx xn−1

z−1ex−1
≡
∞∑
m=1

zm

mn
. gn(1) = ζ(n).

ˆ ∞
0

xn−1

z−1ex − 1
dx =

(log z)n+1

n+ 1
+
π2

6
n (log z)n−1 .

6. Energy. dE = TdS − pdV + µdN (�rst law).
Enthalpy. H(S, p) = E + pV .
Helmholtz free energy. F (T, V ) = E − TS.
Grand canonical potential. Φ = E − TS − µN .
Gibbs’ free energy. G(T, p,N) = E − TS + pV = µ(T, p)N .

7. An adiabatic process is one that occurs without transfer of heat or matter between a ther-
modynamic system and its surroundings. In an adiabatic process, energy is transferred only
as work and dS = 0.
A quasi-static process is a thermodynamic process that happens slowly enough for the system
to remain in internal equilibrium, i.e. in�nitesimally close to eqlb.
A reversible process is one that is reversible without increasing entropy.
A Carnot cycle consists of: an isothermal expansion, an adiabatic expansion, an isothermal
contraction and an adiabatic contraction.

8. The coexistence of liquid and gas in equilibrium requires the same pressure (mechani-
cal), temperature (thermal) but further requires the same chemical potential (matter) µliquid =

µgas ⇒ Gliquid = Ggas. Have dµ = ∂µ
∂p

∣∣∣
T
dp = 1

N
∂G
∂p

∣∣∣
N,T

dp = V (p,T )
N

dp and integrate from
pliquid.

9. m = 1
N

∑
i

〈si〉 = 1
Nβ

∂ logZ
∂B

since Z =
∑
{si}

e−βE[si], E = −J
∑
〈ij〉
sisj −B

∑
i

si.

Mean-�eld theory.

∑
〈ij〉

sisj =
∑
〈ij〉

(si −m)(sj −m)︸ ︷︷ ︸
small when summed

+m(si + sj)−m2

 = qm
∑
i

si −
1

2
Nqm2

so Z = e−
1
2
βJNqm2

( ∑
si=±1

eβBeffsi

)N
as if independent where Beff = B + Jqm.

14
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GR

1. Γabc = 1
2
gad (gbd,c + gcd,b − gbc,d).

∇aTbc = Tbc,a − ΓdabTdc − ΓdacTbd

∇aT
b
c = T bc,a + ΓbadT

d
c − ΓdacT

b
d

∇aT
bc = T bc,a + ΓbadT

dc + ΓcadT
bd.

2. For a tensor, T̄ ā1...ān
b̄1...b̄m

= ∂x̄ā1

∂xa1
· · · ∂x̄ān

∂xan
T a1...an

b1...bm
∂xb1

∂x̄b̄1
· · · ∂xbm

∂x̄b̄m
.

For the Levi-Civita connection, Γ̄ā
b̄c̄

= ∂xb

∂x̄b̄
∂xc

∂x̄c̄
Γabc

∂x̄ā

∂xa
+ ∂2xa

∂x̄b̄∂x̄c̄
∂x̄ā

∂xa
.

3. Recall T a = ∂xa

∂λ
, V a = ∂xa

∂s
.

1) ∇V T
a = ∇TV

a = ∂2xa

∂λ∂s
+ ΓabcT

bV c;

2) ∇[V∇T ]Q
a =((((

(((
(((

∇V T
b
)

(∇bQ
a)−(((((

((((
(
∇TV

b
)

(∇bQ
a) + T bV c∇c∇bQ

a − V cT b∇b∇cQ
a;

3) D2
τV

a = ∇T∇TV
a = ∇T∇V T

a =���
���: 0

∇V∇TT
a −Ra

bcdT
bV cT d then relabel.

4. The Ricci identity. 2∇[a∇b]V
c = Rc

dabV
d and 2∇[a∇b]Nc = −Rd

cabNd where Riemann
tensor Rc

dab = 2Γcd[b,a] + Γce[aΓ
e
b]d.

Symmetries. 1) R(ab)cd = Rab(cd) = 0; 2) Rabcd = Rcdab; 3) Ra[bcd] = 0 (Bianchi’s �rst); 4)
Rab[cd;e] = 0 (Bianchi’s [second]).

Proof:

1) By de�nition. By 0 = gab;[cd] = −Re
adcgeb −Re

bdcgea = −2R(ab)cd.

2) Repeatedly use 1) and 3).

3) 0 = φ;[ab] ⇒ 0 = φ;[abc]. But φ;a[bc] = −1
2
Rd

acbφ,d and φ is arbitrary.

4) In LIC, Γ = 0 so Rabcd;e = Rabcd,e then use de�nition of R obtain Rabcd;e = Γabd,ce − Γabc,de.

EFE. Gab = κTab − Λgab where κ = 8πG
c4

and Gab = Rab − 1
2
Rgab which is divergence free.

W

1. Acoustic velocity potential ϕ satis�es the wave equation with wave speed c2
0 = dp

dρ

∣∣∣
ρ0

.

The linearised perturbation relations are

u = ∇ϕ
p̃ = ρ̃c2

0

p̃ = −ρ0
∂ϕ

∂t
I = p̃u

where for a plane wave p̃ = ρ0c0u · k̂.

15
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The thermodynamic relations are

e =
1

γ − 1

p

ρ

c2 = γ
p

ρ

p

p0

=

(
ρ

ρ0

)γ
.

The mechanical energy equations is

d

dt

1

2
ρ0u

2︸ ︷︷ ︸
Ek

+
1

2

c2
0

ρ0

ρ̃2︸ ︷︷ ︸
Ep

+∇.I = 0.

2. If θ = Θei(k·x−ωt) , φ = Φei(k·x−ωt) then

〈θφ〉t =
1

2
Re (Θ∗Φ) .

3. Gas. ∂ρ
∂t

+u ∂ρ
∂x

+ρ∂u
∂x

= 0 (1), ∂u
∂t

+u∂u
∂x

+ c2

ρ
∂ρ
∂x

= 0 (2). ± c
ρ
(1)+(2) = 0 usingQ =

´ ρ c(ρ′)
ρ′
dρ′.

Shallow-water. ∂h
∂t

+ u∂h
∂x

+ h∂u
∂x

= 0 (3), ∂u
∂t

+ u∂u
∂x

+ g ∂h
∂x

= 0 (4). ±
√

g
h
(3) + (4) = 0 using

Q =
´ ρ c(h′)

h′
dh′, c =

√
gh.

4.

ρ1u1 = ρ2u2

p1 + ρ1u
2
1 = p2 + ρ2u

2
2

1

2
u2

1 + e1 +
p1

ρ1

=
1

2
u2

2 + e2 +
p2

ρ2

and with u1,2 7→ u1,2 − V .

h1u1 = h2u2

1

2
gh2

1 + h1u
2
1 =

1

2
gh2

2 + h2u
2
2.

5. σij = λδijekk + 2µeij .

interface boundary conditions
rigid u = 0

free σ · n = 0

solid-�uid u · n|+− = 0, n · σ · n = −p, n× σ · n = 0

solid-solid u|+− = 0, σ · n|+− = 0

16
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6. c2
s = µ

ρ
< c2

p = λ+2µ
ρ

. u = ∇φ+∇× ψ where ∇2φ− 1
c2p

∂2φ
∂t2

= 0 and ∇2ψ − 1
c2s

∂2ψ
∂t2

= 0.

1) P-wave: φ = Aei(k·x−ωt), u = ikAei(k·x−ωt);

2) S-wave: ψ = Bei(k·x−ωt), SV u = i (k×B · ẑ) ẑei(k·x−ωt) and SH u = i (ẑ ·B) k ×
ẑei(k·x−ωt).

7. Equations.

Dρ

Dt
= 0

∇ · u = 0

ρ
Du

Dt
= −∇p− ρgẑ

dp0

dz
= −ρg

Perturbation. u = 0, ρ = ρ0(z), p = p0 −
´
ρ0gdz.

Linearisation.

∂ρ̃

∂t
+ w

dρ0

dz
= 0

∇ · u = 0

ρ
∂u

∂t
= −∇p̃− ρ̃gẑ.

i.e. (ρ0wzz + ρ′0wz)tt −
(
∂2
x + ∂2

y

)
(ρ′0g − ρ0∂

2
tw) = 0

Slowly-varying assumption. ρ0 and ρ′0 is e�ectively constant over a wavelength O(k−1).

Governing equation. [
∂2
t∇2 +N2

(
∂2
x + ∂2

y

)]
w = 0

where the Brunt-Väisälä frequency N(z)2 = −g ρ
′
0(z)

ρ0(z)
.

8. De�ne the local frequency and wavenumber ω = −∂tθ, k = ∇θ, then given a local disper-
sion relation ω = Ω(k; x, t), have

∂ω
∂xi

= −∂ki
∂t
, ∂ki

∂xj
=

∂kj
∂xi

so ∂ω
∂t

= ∂Ω
∂t
− (cg · ∇)ω, −∂ki

∂t
= ∂ω

∂xi
= ∂Ω

∂xi
+ cg · ∂k∂xi = ∂Ω

∂xi
+ cg · ∂ki∂x , i.e.
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dx

dt
= cg := ∇kΩ

d

dt

∣∣∣∣
cg

ω =
∂Ω

∂t

d

dt

∣∣∣∣
cg

k = −∇xΩ

d

dt

∣∣∣∣
cg

=
∂

∂t
+ cg · ∇x.

Fermat’s principle is derived from the variational principle δ
´ t2
t1

Φ(x, ẋ, t; k)dt = 0 where
Φ = k · ẋ− Ω(k; x, t). Snell’s law follows when Ω = Ω(k; z).

9. In the frame of the source moving at U relative to the �uid, X = x − Ut ⇒ ∂t|x 7→
∂t|X −U · ∂X so −iωr = −iωs −U · ik, i.e. ωs = ωr −U · k.
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